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Abstract: Deformations of quantum field theories which preserve Poincaré covariance
and localization in wedges are a novel tool in the analysis and construction of model
theories. Here a general scenario for such deformations is discussed, and an infinite
class of explicit examples is constructed on the Borchers-Uhlmann algebra underlying
Wightman quantum field theory. These deformations exist independently of the space-
time dimension, and contain the recently studied warped convolution deformation as a
special case. In the special case of two-dimensional Minkowski space, they can be used
to deform free field theories to integrable models with non-trivial S-matrix.

1. Introduction

In the last years, many new quantum field theoretic models have been constructed
with non-standard methods [Sch97, SW00,BGL02,Lec03,LR04,Lec05,MSY06,GL07,
BS07,BS08,GL0S8,BLS10,LW10,DT10,Morl11]. Among the different approaches used
for constructing these models, a recurring theme is to start with a well-understood model
(like a free field theory), and then apply some kind of deformation to change it to a model
with non-trivial interaction. As is well known, it is extremely complicated to carry out
such a procedure on a non-perturbative level when requiring that it should keep the full
covariance, spectral and locality properties of quantum field theory intact. However,
interesting manageable examples do exist when the locality requirements are somewhat
weakened.

More precisely, there exist many models of quantum fields which are not point-like
localized, but rather localized in certain unbounded, wedge-shaped regions (wedges) in
Minkowski space [SW00,BGL02,Lec03,L.R04,BS07,GL07,BLS10]. These models are
still fully Poincaré covariant and comply with Einstein causality inasmuch as observables
associated with spacelike separated wedges commute. Using the algebraic framework of
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quantum field theory [Haa96], it is also in principle possible [BL04] to extract all observ-
ables localized in bounded spacetime regions. Moreover, the localization in wedges is
sharp enough to consistently compute the two-particle scattering matrix [BBS01], and
decide if the constructed model exhibits non-trivial interaction.

In view of these facts, wedge-local quantum field theories have many of the charac-
teristic features of fully local quantum field theories, and understanding their structure
is an important intermediate step in the rigorous construction of interacting models.
It is therefore interesting to note that it is possible to construct wedge-local quantum
field theories non-perturbatively, and introduce non-trivial interaction by deformation
techniques.

A particular deformation of this kind, based on actions of the translation group,
is by now well understood. After its first appearance in the context of deformed free
field theories on non-commutative Minkowski space [GLO7], it was generalized to an
operator-algebraic setting in [BSO8], where it is known as warped convolution. In the
framework of Wightman field theories, this deformation manifests itself as a deforma-
tion of the tensor product of the testfunction algebra [GLO0S8], and later on, the connection
to Rieffel’s strict deformation quantization [Rie92] was explored [BLS10]. By now, the
warped convolution technique has also successfully been applied to the deformation
of conformal field theories [DT10] and quantum field theories on curved spacetimes
[DLM11].

In this paper we start to explore more general deformations of wedge-local quantum
field theories. As a first scenario for such deformations, we focus here on Wightman
quantum field theories [SW64,Jos65]. Any Wightman quantum field theory is given by
a specific representation of the tensor algebra .7 over Schwartz’ function space .7 (R%).
The deformations studied here are based on linear homeomorphisms p : . — . com-
muting with the natural Poincaré automorphisms «, 5 on ., for (x, A) in a subgroup
of the Poincaré group which models the geometry of a reference wedge. We then equip
.7 with a family of new products, namely f,g — p~'(o(f) ® p(g)), and Lorentz
transforms thereof. Every single of these products provides only a trivial deformation of
the tensor product ®, but their interplay with the local structure of . gives rise to non-
trivial deformations of a net of algebras localized in wedges. If a compatibility condition
between p and a state w on .7 is met, one can pass to suitable GNS representations,
where all twisted product structures are represented on the same Hilbert space. Here
we obtain new quantum field theoretic models, which are wedge-local under further
conditions on the deformation map o and the state w.

In Sect. 2, we explain these deformations in a general setting. The main task of
finding interesting examples of deformation maps is taken up in Sect. 3. Here we con-
sider a simple class of such mappings p, given by sequences of n-point functions, and
their compatible states. We show that by carefully adjusting these n-point functions,
one arrives at an infinite class of deformations, leading to new Poincaré covariant and
wedge-local model theories in any number of space-time dimensions. These models are
investigated in more detail in Sect. 4, where Hilbert space representations of deformed
quantum fields are presented, and it is shown that they describe non-trivial interaction.
The two-particle S-matrix can be calculated explicitly, and depends on the deformation
parameter.

The representing quantum fields are typically unbounded operators. In Sect. 5 we
show how to pass from these fields to associated von Neumann algebras, and analyze
their Tomita-Takesaki modular structure.
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In Sect. 6, we consider the special case of two-dimensional Minkowski space. Here
our construction yields a known family of completely integrable quantum field theories.
It is shown that the structure of the deformation maps implies characteristic features
of the S-matrix, such as its analyticity and crossing properties. Section 7 contains our
conclusions.

2. Deformation Maps on the Borchers-Uhlmann Algebra

In this section, we formulate a general deformation scenario for Wightman quantum
field theories, based on the tensor algebra .7 over the Schwartz space . (RY). We will
assume that the space-time dimension d > 1 + 1 is even, as this slightly simplifies our
discussion in some places. Most of the following can also be formulated in a vastly
more general setting of quite general topological *-algebras, but since the examples to
be discussed later make use of the specific structure of ., we restrict our considerations
to this particular algebra also in this section.

Let us first recall the structure of the Borchers-Uhlmann algebra . [Bor62,Uhl62]:
As a topological vector space, ./ = EBZO:() %, is the locally convex direct sum of the
Schwartz spaces ., = & (]R”d ), n > 0, with .%) := C. Elements of .# are thus
terminating sequences f = (fo, f1, f2,---» fn,0,...), fn € . Equipped with the
tensor product,

n
(f ® @n(x1, o, %) = D felX1 o, Xa) - @uk Kkl -, Xn), X1, oo, Xy € RY,
k=0
2.1

*_involution

G, o xn) = fulxn, ..., x1), (2.2)

and unit 1,, := 8,9, the linear space . becomes a unital topological *-algebra.
On ., the proper orthochronous Poincaré group acts by the continuous automor-
phisms

@ fIn(xrs o xn) = fuA 1 —a), ... A (xy —a)), (@, A) € P
(2.3)

For our purposes, it is advantageous to implement time-reversing Lorentz transfor-
mations by antilinear maps on .. In particular, the reflection j(xo, e, xd_l) =
(—xo, —xb X2, .., xd’l) acts on . according to

(ajf)n(xlv cen Xp) = (X1, X)),

and yields an extension of « to an automorphic action of the proper Poincaré group P
on .7 (antilinear for P}).

We define the support supp f of an element f € % as the smallest closed set O
in R such that supp f, € O*" foralln > 1. Given O C R? and f,, € ., we will
also write supp f, C O or f, € .%,(0) instead of supp f, C O*". With this definition
of support, the set L(0) := {f € . : supp f C O} is a unital *-subalgebra of .%,
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for any O C R?. Since suppay s (f) = Asupp f + x, the automorphisms e, act
covariantly on the net O — . (0),

ax, A(Z(0)) = L(AO +X). (2.4)

This net becomes local, i.e., subalgebras .(01), L (0,) C . associated with space-
like separated regions Oy C O} commute, after dividing by the so-called locality ideal
[Bor62,Yng84], the two-sided ideal .Z C . generated by all commutators f| ® g| —
g1 ® f1, with f1, g1 € ¥ having spacelike separated supports.

We will consider states on . subsequently, and introduce here some notation regard-
ing GNS representations. For a state w on ., we write (Hy,, ¢, $2,,) for the GNS triple
associated with (., w), and D,, := ¢,()R, C H, for the (dense) domain of the
representing field operators. The equivalence classes {f + g € . : w(g* ® g) = 0}
will be denoted W, (f) € D,. Thus ¥, (1) = L, and the fields act on D,, according
t0 ¢ (fHVyu(g) = Yolf ® g). As ¢, is a representation, we have ¢, (f)d,(g) =
Do (f ®g) and ¢, (f)* D P (f*). The represented localized field algebras are denoted
P0(0) = ¢o(£(0)), O C R".

Quantum field theories arise from the tensor algebra .’ as GNS-representations in
suitable states [SW64]. For a state w which vanishes on the locality ideal .Z, field opera-
tors ¢, (f) and ¢, (g) commute on D,,, if the supports of f and g are spacelike separated.
If w is also invariant under the automorphisms o, A (invariant up to a conjugation for
time-reversing A), there also exists an (anti-)unitary representation U, of the proper
Poincaré group on H,, which implements the automorphisms «, . In this case, we
obtain the familiar structure of a covariant net of local *-algebras:

t@w(ol) C yw(OZ) for O1 C 03,
Uo(x, ) Z(0)Uu(x, N)™' = P,(AO +x), 2.5)
[@w(ol), 9@(02)] D, =0 for O C Oé,

where 0§ denotes the causal complement of O in R4, For vacuum states, one is inter-
ested in the situation where the translations x — U, (x, 1) fulfill the spectrum condition.
In this case, also a Reeh-Schlieder property holds, i.e., the subspace &, (0)S2,, is dense
in H,, for any open region O C R?.

On a technical level, note that the field operators ¢, (f), f € .7, are densely defined
on the common U, -invariant domain D,, and closable, but in general unbounded. Several
conditions on w are known which imply that one can pass from such a net of unbounded
operators to nets of von Neumann algebras on H,, [BZ63,DSW86,Buc90,BY90]. We
will however not deal with this question here, and consider only algebras of unbounded
operators.

The construction of states which annihilate % and satisfy the spectrum condition has
proven to be extremely difficult. In more than two space-time dimensions, only states
leading to (generalized) free field theories are known. In view of these difficulties, we
will not attempt a direct construction of quantum field theories by finding suitable states
o on ., but rather use a deformation approach.

To explain this approach, we first recall that in the construction of many models dis-
cussed in the recent literature [Bor92, BGL02,Lec03,LR04,BS07,GL07,Lec08,BLS10,
DT10,Mun10], a specific weakened version of the net structure (2.5) plays a prominent
role. Instead of algebras 2, (0) associated with arbitrarily small spacetime regions O,
one considers only specific regions, so-called wedges. Recall that the right wedge is the
region Wy := {(x°, ..., x4 1) e R? : x! > |x0]}, and the set W of all wedges is the
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Poincaré orbit of Wp,i.e., W := {AWp+x : (x, A) € P;}. Inparticular, the causal com-
plement W’ of a wedge W € WV is also contained in WV, and for our reference region Wy,
there holds W(’) = —Wy = jWy, with j(xo, .. .,xd_l) = (—xo, —xb X2, . .,xd_l)
the reflection at the edge of Wj.

In the context of the GNS data D,, C H,,, U, described before, a wedge-local quan-
tum field theory is defined to be a collection of *-algebras &, (W), W € W, consisting
of operators defined on D,,, such that the properties (2.5) hold for O, O, O, € W. Since
W consists only of a single Poincaré orbit, such a net can be equivalently characterized
in terms of a single algebra [BS08,BW92] &2, of operators acting on H,, by requiring

Up(x, ) PyUy(x, A1 C Py for AWy +x C Wy, (2.6)
[Uw(0, j)ZPoU, (0, j), Po]lDy = 0. (2.7

It is then straightforward to verify that Z2(A Wy +x) := U (x, A) PyU (x, A)~! defines
awedge-local quantum field theory (A simple causal net in the terminology of [BW92]).
Clearly any net O — Z,(0) (2.5) also defines such a wedge algebra &. But, as we
shall see, an algebra & satisfying the conditions (2.6) and (2.7) with respect to a given
representation U, of P, is much easier to construct than a full net (2.5). Moreover, after
passing to a net of von Neumann algebras, one can in principle extract algebras of observ-
ables localized in arbitrary spacetime regions from these data [BS08,Bor92,BL04].

In the deformation approach, one takes the point of view that a fully local and covari-
ant quantum field theory in the sense of (2.5) is given. These data will usually be realized
by free field theories, and in particular define an operator algebra & and a representa-
tion U,, in a suitable relative position on some Hilbert space H,,. One then keeps H,, and
U, fixed, and changes (deforms) the algebra &2 in such a manner that (2.6) and (2.7)
remain valid. For suitably chosen deformations, this process leads to inequivalent nets,
and in particular turns interaction-free theories into models with non-trivial interaction.

To find examples of deformations preserving the two conditions (2.6) and (2.7), one
possible approach is to take the point of view that a deformation of an algebra is a
deformation of the product of that algebra. This is the approach taken in the deforma-
tion theory of algebras in the mathematics literature [Ger64], which has already led to
deformations of quantum field theories in certain examples [GL08,BS08,BLS10].

By a product on ., we will always mean a bilinear separately continuous map
f.g — f ®g, which is associative and moreover compatible with the unit and star
involution in .7, i.e.,

fOlI=f=18f fe, (2.8)
(f®* =g"® f* f.ges. (2.9)

The structure of the family of such products clearly depends on the structure of the
algebra under consideration. In the situation at hand, where . is a tensor algebra, it is
known that .# is rigid in the sense of algebraic deformation theory [Ger64]. That is, all
products &® on .7 are of the form

f&g=p"' () ®p) = f® ¢, (2.10)

where p : . — & is a linear homeomorphism with p(1) = 1 and p(f)* = p(f*).
Clearly, the algebra .* := (£, ®,) given by the linear space ., endowed with the
product ®,, and unchanged unit and involution, is isomorphic as a unital *-algebra to
. This is the reason why products of the form (2.10) are considered trivial in the defor-
mation theory of single algebras [Ger64], and .7 is rigid. But we will see later that the
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use of such trivial deformations will result in non-trivial deformations of nets of wedge
algebras nonetheless, as also the local structure of . matters here.

For deformations compatible with localization in wedges, the invariance property
(2.6) suggests to require a certain amount of compatibility between the deformation
map p and the Poincaré action «. We therefore make the following definition.

Definition 2.1. A deformation map (relative to Wy) is a linear homeomorphism p :
& — & such that

i) p(1) =1.
i) p(f)*=p(f"), feZL
iii) pooyr=0axopforall (x,A) e Pywith AWy+x C W.

We remark that the third condition in this definition is equivalent to
POCx A =0Cx AOPp for all x € R and all A with AWy =Wy. 2.11)

This is due to the special form of the wedge regions: First, there holds Wy + x C Wy
for all x € Wy. Hence ay o p = poay forall x € Wy. Multiplying by o_, from both
sides, we see that this equation also holds for x € —Wy. As any y € R? can be written
asy = x +x’ withx € Wy and x’' € — W, this implies that p must commute with
all translations. Second, if a Poincaré transformation (x, A) maps Wy inside itself, then
necessarily AWy = Wy [TW97]. This explains the equivalence of (2.11) with Defini-
tion 2.1 iii). To summarize, a deformation map has to preserve the linear, topological,
unital, and *-structure of ., and commute with the automorphisms o, A for (x, A) in
a specific subgroup of P, which models the geometry of the wedge region Wj.

The properties required in Definition 2.1 are stable under composition and taking
inverses. With identity as the identity map on ., the deformation maps therefore form
a group R. In deformation theory, one is usually interested in studying certain one-
parameter families p, € R, A € R, such that A > p, is continuous in an appropriate
sense, and pg = id. We will see examples of such one parameter families in Sect. 3. For
the present general considerations, it will be sufficient to consider deformation maps as
such, without introducing a deformation parameter.

Given any deformation map, the product (2.10) will be referred to as the associated
deformed product on .. In view of Definition 2.1 iii), the maps ap with AWy = Wy
act as automorphisms also with respect to the product ® ,. For general A € L, one has
apn(f ®p g) = aa(f) ®p, an(g), where pp :=apopo oz,_\l is a deformation map
relative to A Wy, and in general p5 7# p. We therefore obtain a whole family of products
®p, » parametrized by the Lorentz group modulo the stabilizer group of the wedge. This
family includes in particular the opposite deformation map

p = ajopoaj. (2.12)
To construct a wedge-local quantum field theory from this family of deformed products,
we have to represent all the algebras (., ®,,), A € L, on a common Hilbert space.

This is possible in specific GNS representations.

Definition 2.2. A state w on . is called compatible with a deformation map p if



Deformations of Quantum Field Theories and Integrable Models

Note that this definition does not imply that multiple deformed products reduce to
undeformed products in w, i.e., in general w (f1 ®, ... ®, fu) Zo(fi ®...Q f) for
n > 2. We are interested in compatible states because they produce common represen-
tation spaces for deformed and undeformed tensor products via the GNS construction.

Proposition 2.3. Let p be a deformation map and w a p-compatible state. Then w is
also a state on /", and the GNS triples (H, ¢u, Q) of (£, ) and (HL, ¢5, Q0) of
(P, w) are related by

HP = H,, (2.14)
QL =Q,, (2.15)
O (P90 = b (f ®p ). fige L. (2.16)

Proof. The state w on . clearly defines a normalized linear functional f +— w(f) on
. The p-compatibility and positivity of @ imply, f € .7,

o(f*®y f) =w(f*® f)=0.

Hence w is also a state on the deformed algebra ..

To verify the statements about the GNS representations of (., w) and (", w), let
Ny ={feS :o(f'Qf) =0land N} = {f € 7 : w(f*®, f) = 0} denote the
respective Gelfand ideals. Since w is p-compatible, we have w (f* ®, ) = o (f*® f),
and hence .4, = 4, as linear spaces. As also .7 and .’” coincide as linear spaces, we
have .7/ A, = .7" /..l . By the p-compatability of w, these pre-Hilbert spaces carry
the same scalar product (W,,(f), ¥u(g)) = o (f*®¢g) = w(f* ®, g), which implies in
particular that their Hilbert space closures H,, and %, are identical. The implementing
vectors Q,, and 2, are both equal to the equivalence class W, (1) = W/ (1) and therefore
identical.

The GNS representation ¢/, of .7 acts on this space according to, f, g € .7,

(bg(f)d)w(g)szw = (bcﬁ(f)\yw(g) =W,(f )p 8) =du(f ®p 8)2%. (2.17)

This is well-defined since .4, is, by the preceding argument, also a left ideal with respect
to the deformed product, and the proof is finished. O

We now explain how wedge-local quantum field theories can be constructed from
deformation maps p. To this end, suppose p is a deformation map, and w is a p-com-
patible state which is invariant under « in the sense that, f € .7,

o(f); (x,A) eP}

. (2.18)
o(f):; (x,A)eP]

w(ax A(f)) = [

We then have, f,g € ., A € EI,

o(f @, 8) = w(anley () ®)p ey (9) = ol (f) ® ay'(g))
= 0@, (o, () =o(f®g),
and by an analogous calculation, also o (f ®,, g) = o(f ® g) for A € Ei. Hence the

state w is compatible with all Lorentz transformed deformation maps pp, A € L. In
view of Proposition 2.3, all these deformations are thus realized on the GNS space of
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the undeformed algebra, and can be compared in terms of the Hilbert space operators
LA (F) on Dy, C He.

It is clear from our construction that the (anti-)unitary representation U, implement-
ing a on H,, satisfies Uy, (x, M)W, (f) = Yu(aea f), (X, A) € Py, f € L. After a
small calculation making use of ¢4 (f)W,(g) = W, (f ®,, &) (2.16), this yields the
transformation law

Uo(x, L (U, A =M e nf), (1, A) Py, L (219)

In particular, for those transformations (x, A) that satisfy AWy + x C Wy, the corre-
sponding automorphisms commute with p (Definition 2.1 iii)), and we have

Uu(x, DL (UL, M) =L n ), AWo+x CWo, feL. (220)

To produce a wedge-localized algebra complying with (2.6) and (2.7), we have to
use elements f € . with support in Wy. As the deformation map p will usually not
preserve supports, . (Wy) will not be an algebra with respect to the deformed product
®,. We therefore consider the *-algebra 95 o generated by all dL(f), f e L(Wy).

The transformation law (2.20) then implies the desired invariance (2.6) of z@p
The crucial locality condition (2.7) is equivalent to the vanishing of the commutators

[$5(F), ¢4 (¥ =0,  feS(Wo), ge LWy, WeD,.  (221)

We will say that a deformation map p is wedge-local in a state w which is compatible
with p and p’ if (2.21) holds. In this case, the algebra 9 0 complies with (2.6) and
(2.7), and can therefore be used to generate a quantum field theory model.

To illustrate the conditions on the interplay of p and w, we recall that the deformation
map given by warped convolution [GLOS] is compatible with all translationally invari-
ant states on .. But the locality condition (2.21) is only valid if @ annihilates .Z, the
translations U, (x, 1) satisfy a spectrum condition, and the parameters defining p are
suitably chosen [GL08,BLS10]. Hence the validity of (2.21) is not a property of p alone,
but also involves properties of w going beyond compatibility and vanishing on .Z.

In the present generality, it seems to be difficult to find manageable conditions on
p and w which imply that p is wedge-local in w. We will therefore present in the next
section a family of explicit deformation maps p together with their compatible states w
such that p is wedge-local in w. Before moving on to the examples, we point out that the
wedge-locality condition amounts to the vanishing of matrix elements of commutators
with respect to the undeformed product, a result that will be useful later on.

Lemma 2.4. Let p be a deformation map and w a state on . which is compatible with
p and p'. Then p is wedge-local in w if and only if

o((h®p @ (8 ®py k) =w((h®y &) ® (f ®) k) (2.22)

forall f € S(Wo), §' € S (Wp), h.k € Z.

Proof. For p to be wedge-local in w, we need to show [¢f (f), oL (gHV¥ = Oforall ¥ e
Dy, f € L (W), g € L(W).Since D, = ¢,(-L), is dense in H,,, this is equiva-

lent to the vanishing of the matrix elements (2, o (1)[PL(F), DL (&")]dew(k)R) = 0
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for arbitrary &, k € .. But in view of the compatibility of p, p” with @, and the asso-
ciativity of the products ®,, ®,, we can rewrite these matrix elements as

0 = (Qu, (MWL), ¢(f)/(g/)]¢w(k)9w)
= (Qu, Po(MPu(f @) (&' ®p k))R0w) = (Qw, Po(MPu(&’ @y (f ®p k))Rw)
=wh®(fQ,(E ®yk)) —wh® (@ &y (f k)

0h®p [y (8 ®p k) —w(h®y g ®y (f ®pk))

o((h®, ) ®p (&' ®py k) —w((h®y &) @y (f ®p k)

=o((h®, B ®y k) —w(hky g (f®,k).

As the last expression is identical to (2.22), the proof is finished. O

3. Multiplicative Deformations and their Compatible States

We now turn to the task of finding examples of deformation maps p which meet our
requirements. It will be convenient to work in momentum space most of the time, i.e.,
we consider the Fourier transform f — f on.”,

Fulpis ..y pn) = (271)7"d/2/ddx1 cedixy, Fa(xt, ..., xp) P1¥ L. glPnEn,

This map preserves the linear and product structure of . as well as its identity element.
Furthermore, the Fourier transform commutes with the action of the orthochronous
Lorentz transformations, and thus EI acts on the momentum space wave functions in
the same manner as in (2.3). Translations, the *-involution, and the reflection at the edge

of the wedge take the form, py, ..., p, € R,
@ (Pl eens pu) = € PIFHPOX L (p D), 3.1)
PPt Pw) = fal=Pus ooy —p1)s (3.2)
@ Pon(P1s-ees D) = Fu(=jP1s s — D). (3.3)

After these remarks, we consider deformation maps p : .¥ — . in the sense of
Definition 2.1. In view of the structure of ., every such map is given by a family of
(distributional) integral kernels p;,,,, n, m € Ny, such that, f,, € .7,

p(fn)m(pl,-..,pm)=/dq1---dqnpnm(m,...,qn; Ploeeos Pm) falqis oy qn).
(3.4

The defining properties of a deformation map restrict the possible form of the distribu-
tions pp,,. For example, property iii) of Definition 2.1 requires the support of p,,, to be
contained in {(q1, ..., Gns P1s---sPm) : Q1+ +qn+p1+---+ py = 0}, similar to
the energy-momentum conservation of S-matrix elements.

A systematic study of deformation maps and the emerging deformed quantum field
theories will be presented elsewhere. Here we consider a particularly simple class of
maps p : . — . which preserve the grading of . and act multiplicatively in momen-
tum space, i.e., are of the form

f/)—(\.f-‘/)n(plv'”vpn):)On(plv'-'vpn)'ﬁl(pl"--vpn)v HGNO, fez (35)
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We will refer to deformation maps of this type as multiplicative deformations. They form
an abelian subgroup, denoted R, of the group R of all deformation maps. Given p € Ry,
the functions p, (3.5) are called the n-point functions of p, and it is straightforward to
characterize p in terms of the pj,.

Lemma 3.1. The group Ro of multiplicative deformations of . consists precisely of

those sequences p, € C®°[R"), n € Ny, of smooth functions which satisfy the follow-
ing conditions:

i) For each multi index p € N, there exist Ny € Rand Cy > 0 such that

1000 1y oo b < Cu (L4 Ip1P+ -+ 1 paHMe, i, pn e R
(3.6)

ii) There exists M € R and C' > 0 such that
a1y Pl Z C A+ Ip1P 4+ D™, prs. e €eRE (B
iii) For each Lorentz transformation A with AWy = Wy,

on(ApL, s Apw) = pu(Pls oo Pn)s  Pls-es pn € RY

iv) py is *-invariant,

pn(_pl’la--~’_p1):pn(p1’~-~7pn)v Pls---s Pn ERd'
v) po =1

Proof. The first two conditions i), ii) are necessary and sufficient for p to be a homeo-
morphism on .#: Let us first assume i), ii) hold. Then, by condition i), f;, — p, - fu
maps .%;, into .#;,. Moreover, this map is linear and it is straightforward to see that it is
continuous in the Schwartz topology. By condition ii), the p, are in particular non-van-
ishing, and the reciprocals 1/p, are polynomially bounded by (3.7). It now follows by
application of the chain rule that all derivatives of 1/p, satisfy polynomial bounds of
the form (3.6). Hence f,, — f,,/p, is also a continuous linear map from ., onto .%;,,
with inverse p;,.

The map p : . — . on the direct sum ./ = @, ., is continuous iff its restric-
tion to ., is continuous for each n [Tre67]. But the restriction of p to %7, maps this
space continuously onto .#,;, which in turn is continuously embedded in .. Hence p is
continuous, and by the same argument, one sees that p~! is continuous as well. Thus p
is a linear homeomorphism, as required in Definition 2.1.

Conversely, let us now assume that p defined as in (3.5) is a homeomorphism of ..
For such a multiplicative transformation to map ., onto .#},, it is necessary that p, is
smooth and polynomially bounded in all derivatives, i.e., i) holds. Since p~! has the
same properties, also ii) follows.

Condition iii) is equivalent to @y o p = p o ap for A with AWy = Wy, as a short
calculation based on (3.5) and (2.3) shows. Translational invariance imposes no further
restrictions on p since both p and the translations act multiplicatively in momentum
space and therefore commute automatically.

Using (3.5) and (3.2), one easily checks that iv) is equivalent to p (f*) = p(f)*, f €
. Since p(1)g = po, condition v) is equivalent to p(1) = 1. O
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Remark. For p € Ry, the opposite deformation p” = «j o p o} is given by the n-point
functions p,,(p1, ..., Pn) = pn(—jp1, ..., —jpn). But as the Lorentz transformation

—j maps the wedge Wy onto itself, and —j € EI because d is even, we can use the
invariance stated in part iii) of Lemma 3.1 to rewrite the n-point functions of the opposite
deformation as

on(Pls - Pn) = Pn(P1, ..., Pn)- (3.8)

The inverse p~! of a multiplicative deformation p € Ry is given by the reciprocal
n-point functions 1/p,, and thus the product f ®, g = o N p(f) @ p(g)) takes the
following simple form in momentum space,

n

(f ®p On(plo p) = >

k=0
X fi(P1s oo PI)En—k (Pka1s - Pn)- (3.9)

Pk(P1s - PI) Pn—k (Pk+1s -5 Pn)
,On(Pl . Pn)

It is clear from the conditions spelled out in Lemma 3.1 that many multiplicative defor-
mation maps exist. However, different p, 6 € R might induce the same product (3.9) on
. We therefore introduce an equivalence relation on R by defining p, p as equivalent,
in symbols p ~ p,if f ®, g = f ®; g forall f, g € .. A multiplicative deformation
o € Ry is called trivial if p ~ id.

Lemma 3.2. i) Two deformations p, p € Ro are equivalent if and only if pp~" is

trivial.
ii) A deformation p € Ry is trivial if and only if p, = p1®”, neN.
iii) Let p € Ry. Then there exists another p € Ro with p1 = 1 and p ~ p.

Proof. i) Assume p ~ j. Then p~'(p(f) ® p(g)) = A" (H(f) ® p(g)) for all
f.8 € L, or,equivalently, f®;,-12 = (pp~ ) ((pp~ NP () = f®g.
Hence pp~! is trivial. If, on the other hand, pp~! ~ id, then (pp~ ) (P~ H(f) ®
(pp~1)(g) = f ® g, and p ~ f follows.

ii) The triviality condition o N p(H®p) = f®g, f gL, issatisfied if and
only if p is an automorphism of .. As p is taken to be multiplicative here, it is an
automorphism if and only if p, = p", n € N.

iii) Let p € Ro. Then p; satisfies the conditions i)—iv) in Lemma 3.1 for n = 1, and
it is easy to check that for n > 1, also the functions o, := 1/ p{@” comply with
these conditions. With o := 1, this defines a multiplicative deformation o € Ry
which is trivial by part ii). According to part i), p := op is equivalent to p, and
pr=p1/pr=1. 0O

In view of the last statement, the redundancy in describing deformed products of
the form (3.9) by n-point functions p,, is precisely taken into account by restricting to
multiplicative deformations p € R with trivial one point function p; = 1. We shall
therefore consider only such p in the following.

Following the general strategy explained in Sect. 2, we next investigate the compat-
ibility of p € R with certain states w on . (Definition 2.2). That is, we need to find
physically relevant states such that w (f ®, g) = o (f ® g) forall f, g € .. Each state
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on . is given by a sequence of distributions w, € ., n € N, its n-point functions,
and wp = 1. In momentum space, we have

w(f) =Z/dp1 codpp@n(=pis s =p) fa(pts - pw), €L (3.10)
n=0

Inserting (3.9) into the condition o (f ®, g) = w(f ® g), we observe that if the @, are
measures, compatibility of @ with p is equivalent to the factorization

Pu(PLs s Pu) = Pk(PLs -+ Pk) - Pu—k(Pks1s - -+ Pn)
forall (py,..., pn) € —supp @y, 3.11)

for all n, k € Ny, k < n. For more singular distributions @,, compatibility of w with p
poses also conditions on the derivatives of the p,.

As the momentum space supports of n-point functions play a role in the compatibility
question, we proceed with some remarks about relevant examples from quantum field
theory. A large class of states of interest is the class of all translationally invariant states,
satisfying w o ay = w for all x € R?. Their n-point functions have support at zero
energy-momentum, that is,

supp@, C 8", ={peR™ : pi+---+p, =0}. (3.12)

As vacuum states in quantum field theory, one considers the subclass of transla-
tionally invariant states satisfying the spectrum condition. These are given by n-point
functions with [Bor62]

SUpp @p C S§pee i={P € R™ : pi,p1+p2,....pi+--+pa1 € Vs,
pr+--+pp =0}, (3.13)

where V, = {g e R? : ¢ -q >0, ¢° > 0} is the closed forward light cone.

Special examples of states, related to generalized free field models, are given by quasi-
free states, which are completely determined by their two-point function w;. Recall that
a state w on . is called quasi-free if

n
Bou1=0,  @upr.....pa) = D[] @2ps. pr).  neN, (314
(,r)k=1

where the sum runs over all partitions (I,r) of {l,...,2n} into disjoint tuples
(i, r1)y ..oy Uy, rp) withly < 1, k=1, ..., n. For quasi-free translationally invariant
states w, we have supp @,—1 = ¥, and

supp gy C Spft = | J(p € R*™ : py +py =0, k=1,....n}. (3.15)
)

In view of the positivity w2 (f]* ® f1) > 0, f1 € .71, we can apply Bochner’s theorem
to conclude that @, is a measure. Taking into account the special structure of the n-point
functions (3.14), it then follows that each @, is a measure. In particular, the compati-
bility of a translationally invariant quasi-free state with a multiplicative deformation is
equivalent to the factorization condition (3.11).
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Finally, translationally quasi-free states satisfy in addition the spectrum condition if
and only if suppwr C {(p, q) € R . p € Vi, p+q = 0}. In this last case, w, can be
represented as

@2(p,q) =8(p+q)w(p), (3.16)

where w is a measure on V.

It turns out that it is a very strong condition to require a multiplicative deformation
to be compatible with all translationally invariant states, or all translationally invariant
states satisfying the spectrum condition. In fact, since there exist sufficiently many such
states on . [Yng81], these conditions are equivalent to requiring (3.11) to hold on all of
S, (3.12). As a necessary condition for compatibility, this yields a recursive equation
determining the n-point functions p,, n > 2, in terms of the two point function p».
In addition, several algebraic relations for p, have to be satisfied for (3.11) to hold.
One special solution, corresponding to Rieffel deformations and warped convolutions,
exists, and will be recalled later on. The most general deformation two-point function
complying with these conditions is presently not known, but it seems that there is little
freedom for obtaining other deformations p € Ro compatible with all translationally
invariant states. !

Instead of asking for compatibility of p with all translationally invariant states, we
will consider in the following the less restrictive condition that p should be compatible
with all quasi-free translationally invariant states. This amounts to requiring (3.11) to
hold on the smaller domain ng (3.15). We will see that an infinite family of such p
exists, providing non-trivial deformations of generalized free field theories.

Also in the case of multiplicative deformations which are compatible with quasi-free
translationally invariant states, the n-point functions p,, are determined by the two-point
function p>. In the following proposition, we show under which conditions on p; the
required compatibility holds. Explicit solutions of these conditions on p, are then dis-
cussed in Lemma 3.5.

Proposition 3.3. Let p» € C® R4 x RY) be a two-point function of a multiplicative

deformation, satisfying conditions i)—iv) of Lemma 3.1 for n = 2, and in addition,
d

p,q € RY,

p2(p.—p) =1,  pa=p,q) = p2(p,—q) = p2(q. p) = p2(p. @) "". (3.17)
Define

po:=1, pipy =1, palpi,....pn) =[] p2(pr.pr), n=2.

1<l<r=<n
(3.18)
Then
i) The n-point functions (3.18) define a multiplicative deformation p € Ry.
it) The deformed product associated with p has the form
o n k n
(f ®p &, (P1. o Pn) = Z(H [T e2(pr. pr)‘)
k=0 \I=1r=k+1
X fi(P1s s P Gntk(Pht1 - Pa)- (3.19)

1'S. Alazzawi, work in progress.
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iii) Let w be a quasi-free translationally invariant state on /. Then p (3.18) and p~—!

are compatible with w, and for all f,, € ./, k € {0, ..., n}, the functions

k n
Fukxpr o p) = fulprs o p) - [T T et p™ (3.20)

=1 r=k+1

have the same expectation value as f, in o.
iv) The opposite deformation is p' = p~\.

Proof. i) We have to check that the n-point functions (3.18) satisfy the conditions of
Lemma 3.1. Using the product formula (3.18), it is straightforward to verify that con-
ditions i)—iii) hold for all n > 2. For iv), we note that p>(—¢q, —p) = p2(p, q) by the
*-invariance of p,, and compute

pu(=pms s =p0 =[] e2C=pri=pD

1<l<r<n

= [1 e 20 =pa(pr,.... pa).

1<l<r=<n

Hence iv) holds, and by definition (3.18), also v) is satisfied. Thus p € Ryp.
ii) Here we just have to insert the definition of p, (3.18) into (3.9). Let n € Ny and
k €{0,...,n}. Then

Pi(P1s -y i) Pn—k(Pk+1s - - - Pn)
on(p1s .-y Pn)
i< < 2o, ) - Tlie1<ir < <n P2(P17, pr7)
B H1§1<r§n p2(p1, pr)

k n
=1 I1 2o P ~". (3.21)

=1 r=k+1

and (3.19) follows.

iii) For p to be compatible with all quasi-free translationally invariant states,
we will show that (3.21) equals 1 for even n=2N, ke€{0,...,2N}, and p €
—S;{V (3.15). Fixing such N,k, let (I,r) = {(,71),..., (N, rN)} be a partition
of {1,...,2N} into pairs (/j,r;) as in (3.15), and p € R*N? with p;, + p,, = 0,
Jj = 1,..., N. We split the partition into three parts: First, the pairs (/;,r;) with
lj,rj < k, denoted {(1,71),...(y, 7)), second, the pairs (I;,r;) with [; <
k < rj, denoted {(fl,fl),...,(iM,fM)}, and third, the pairs (/;,r;) with k < [},
rj, denoted {(i LD, e, (i R, TR)}. Clearly, these sets are disjoint, and their union is
{(h,r1), ..., Ay, ry))ie.inparticular {Iy, ..., Iy, 1, Fe Do iy = (1, .. k)
and {F1, ..., i iy IR Frs o FR) =1k +1,...,2N).
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We now rewrite (3.21) using this splitting as well as the support condition p;;+p,; = 0
and the properties (3.17), which give

2N L

k 2N M
[T I1 oo~ =TT (I1G2s. 20~ 02005 2™ - T £2(p7, 2!

I=1 r=k+1 r=k+1 \i=1 j=1
2N /L

M
= [1 (I 1e2ws. 27 02(= b1 207D - T 2207, P!

r=k+1 \i=1 j=1

M 2N
=1 I ez 7"

j=1r=k+l

R M
(H(P2(P[j» P,;)flpz(p[j, pi)h sz(l?zf PF,-)])

t=1 i=1

R
(H(pz(pl,p,) P2y, —pj) )sz(pl,pr,) 1)

||':]§ Téi T':]i

M
H 2(p[ s p[

Using the *-invariance of po, and (3.17), we get pa(p,p) = pa(—p,—p) =
p2(—p, p)_1 = 1. Hence in the product H - o2( i P ) the diagonal terms
02( Py p[/) = 1 drop out. The off-diagonal terms appear in rec1proca1 pairs pa( P pl,-)
and pz(p[j, p[i) = 'Oz(p[i’ p[j)*l, and therefore drop out as well. As the partition (I, r)

was arbitrary, the compatibility of p and w follows.

Replacing p» by 1/p2, we also have compatibility of p~' and w. The equation
o (fak.+) = o(fn) is just a reformulation of these compatibility statements.

iv) As p satisfies (3.17), and is invariant under the *-operation (3.2), we have

-1

02(p, q) = p2(—q. —p) = p2(q, p) = p2(p, @)~ ".

In view of the product form of the p,, this implies p,, = 1/p,. But the n-point functions
of the opposite deformation p’ are the conjugates of the p, (3.8). Hence p’ = p~!. O

Having reduced the problem of finding deformations compatible with quasi-free
translationally invariant states to conditions on the two-point function p», we next solve
these conditions by discussing suitable two-point functions. These will be realized in
terms of a deformation function R and an admissible matrix Q, defined below.

Definition 3.4. A deformation function is a smooth function R : R — C such that

i)

R(a)~! = R(a) = R(—a), R(O) =1, (3.22)
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ii) For each k € N, there exists Cy, Ny > 0, such that

*R(a)

<Cr(1+a®»HM, aeR, (3.23)
dak

iii) The Fourier transform R € | of R has support on the positive half line.

Note that the support restriction on R amounts to requiring that R has an analytic con-
tinuation to the upper half plane. More precisely [RS75, Thm. IX.16], any deformation
function is the boundary value in the sense of ./} of a function analytic in the upper half
plane, satisfying polynomial bounds at infinity and at the real boundary. Conversely, if
R is a function analytic on the upper half plane, satisfying suitable polynomial bounds,
then its distributional boundary value on the real line exists, and its Fourier transform
has support in the right half line. As concrete examples, consider the functions

N
i Zxk—a
R@=e“[[*—. ¢=0, Imz.....Imey >0, (3.24)
Zk +a
k=1
where with each zi, also —zy is contained in the set of zeros {z1, ..., zn}. As these func-

tions satisfy the first two conditions of Definition 3.4, and furthermore have bounded
analytic continuations to the upper half plane, they are examples of deformation func-
tions.

Lemma 3.5. Let R be a deformation function, and let Q be a (d x d)-matrix which is
antisymmetric w.r.t. the Minkowski inner product on R?, and satisfies

. T i —
AQA_I _ 0; AGEI Wl.l‘h AWy =Wy . (3.25)
—0; AeL]with AWy=Wy
Then the deformation two-point function
p2(p.q) = R(=p - Qq) (3.26)

satisfies all assumptions of Proposition 3.3.

Proof. Checking the conditions i)—iv) of Lemma 3.1, and the additional properties (3.17)
is a matter of straightforward computation making use of the listed properties of R, and
the antisymmetry and partial Lorentz invariance of Q. Note that the minus sign for time-
reversing Lorentz transformations which appears in (3.25) cancels against the complex

conjugation of wp, A € Li, since R(—a) = R(a). O

Given a deformation map p = p(R, Q) of the form described above, it is straightfor-
ward to check that a general Poincaré transformation (x, A) € P, acts on the associated
deformed product according to

le,A(f Qp(R,0) g) = le,A(f) ®p(R,;|:AQA*1) le,A(g)y fig¢€ Z, (3.27)

where the £-sign is “+” for orthochronous and “—” for non-orthochronous A. This
identity can easily be verified on the basis of (3.19) and (3.22).
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It has been shown in [GLO7] that the most general matrix satisfying (3.25) is, in case
the spacetime dimensionis d = 4 or d # 4,

0« 0 --- 0

0« 0 O k 00 --- 0

0 0 O
0={g0 o | ©2=|"°%2 O (328)

00 —« 0 Do e

000--0

with arbitrary parameters «, k' € R. For Lorentz transformations A which map the
wedge W onto its causal complement W, one has

—0; A e L] with AWy = W

; . (3.29)
Q: A e Ly with AWy =W,

AQA"! = [

This implies that for fixed R, the opposite deformation is given by inverting the sign

Of Q,
ai(f ®pr.0 8 =j(f)Qpr,—0) ajg), [ geL. (3.30)

We also mention that the deformations p(R, Q) naturally lead to one-parameter
families of deformation maps p(R, A - @), A € R. In the limit A — 0, we recover the
undeformed product.

Proposition 3.6. Let R be a deformation function and Q a real (d x d)-matrix. Then,
forall f,g € .7,

Alig})f ®pr.1-0) 8= [ ®&. (3.31)

Proof. As R(0) = 1, the functions 7, (p1, ..., pn) := Hz,r R(A p;- Opy) (3.19) appear-
ing in the product ®,(g,..g) converge pointwise to the constant function 1 as A — 0.
This limit is also valid in a stronger topology: Making use of the polynomial bounded-
ness of the derivatives of R, it is not difficult to show that for any multi-index p € N
there exists N (i) € R such that

. |35 (r.(p) — D)
lim TGy =
=0 pegua (1+]plI)NV K

It then follows by straightforward estimates that (f ®,r,2.0) &n =11 (f @ ©n —

(f ® g)n as L — 0, in the topology of .%,,, n € N. This implies the claimed limit
(3.31). o

The simplest non-trivial deformation function is R(a) := e'“. This example was
studied in [GLOS]. For this function, the corresponding deformed product

n
(f/(—g?:g) (p1 Pn) = Zei(pl+~-~+Pk)~Q(Pk+1+~-~+Pn)
2P1 s
k=0

X ﬂ(plv ~~-»Pk)gn—k(pk+1s ~-~7pn)
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can also be written as
(f ®p Qn(xt, ... xy) = 2m) ™ / dgdy e gy f @ ay@a(x1, ..., Xn).

It is thus identical to the Rieffel-deformation [Rie92] of the tensor product ® with the
R?-action a|ga [GLOS]. In particular, it follows that all translationally invariant (not
necessarily quasi-free) states are compatible with this deformation, as proven in [Rie93]
by using the above integral representation of the deformed product. (Note that because of
the antisymmetry of Q, we have e~/ (P1++Pk) Q(Pks1++1) — | for all p € Siy (3.12).)

However, for the deformations given by a general deformation function R, the restric-
tion to quasi-free states is necessary. In fact, assume that the n-point functions p, defined
in terms of R by (3.26) and (3.18) satisfy (3.11) on S}, (3.12). Takingn =4 and k =1
in (3.11), we then have R(p; - Op2)R(p1 - Op3)R(p1 - Ops) = 1 for all p with
p1+---+ pg = 0. Inserting ps = —(p1 + p2 + p3) and making use of the antisymmetry
of O as well as (3.22) yields the condition

R(p1- Op2)R(p1- Op3) = R(p1- Op2 + p1- Op3).

Since p1, p2, p3 can be chosen independently, this condition is only satisfied for R(a) =

'@ 'We will therefore restrict our attention to quasi-free translationally invariant states
o in the following.

We now consider the question under which conditions a multiplicative deformation

p is wedge-local in the GNS representation associated with a quasi-free translation-
ally invariant state w. As we have been working with the full tensor algebra . instead
of its quotient ./.Z by the locality ideal .Z, we have to consider states annihilating
Z. Picking such a state @, we recall from Lemma 2.4 that wedge-locality in the GNS
representation of (., w) amounts to

(U@, [)®(§ ®y ) =(U®yg)®(f ® v)) (3.32)

forall f € /(Wp), g’ € aj(L(Wp)) = L (W), and all u,v € 7.

To motivate the following steps, it is instructive to recall the known results about the
special case R(a) = e'“ first. In this context, (3.32) is known to hold for a translation-
ally invariant state o annihilating . if w satisfies also the spectrum condition and Q is
admissible in the sense that QV, C W, [BLS10]. This interplay of locality and spectral
properties can be understood as follows. The spectrum condition restricts the supports
of the n-point functions @, to those p € R™ with PlL,PL+DP2,...,p1+ - +py €Vy
(3.13). This implies that in (3.32), we may restrict to u with supp i C va For those
u, in the deformed product

n

(u@ff) (p1 D) = S el (P1+-tpi)- QP +-+pn)
k=0

X (Pl - s PE) Fak(Pit1s - -+ Pn)

= > (pro s PR @ Q(prtp) Py (Phsts -2 )
k=0

only translations of f in the directions —Q(p1 +- - -+ pi) appear, which by admissibility
of Q lie in the right wedge Wy. But translations along x € Wy preserve the support of
f € L (Wy). Similar arguments can be applied to the other terms in (3.32), showing that
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g € L (W) is effectively translated in the opposite direction, so that also the support
of g’ in W) = —W, is preserved. Thus the effect of the deformation consists in shifting
the spacelike supports of f and g’ apart, and the locality condition of w then allows to
conclude that (3.32) holds [GLOS].

As we are working here with a family of deformations containing R(a) = e'“, we
will in the following also require that w satisfies the spectrum condition and Q is admis-
sible. This last condition simply amounts to choosing the parameter « appearing in Q
(3.28) non-negative.

The multiplicative deformations given by a function R which are not of exponential
form do not simply act as translations on .#, and the preceding locality argument for the
case R(a) = ¢'* has to be adapted. Here the half-sided support of the Fourier transform
R (Definition 3.4 iii)) comes into play, which makes it possible to control the effect of
the deformed products ®,, ®, on the spacetime supports of suitable test functions.

Proposition 3.7. Let R be a deformation function and define, x € R¢,

S S

@R Ouprs s pw) = fa(pio - p) - [ R po).

k=1

(3.33)

i) rf is a continuous automorphism of . for any x € RY. For x € Wy, one has
R (L (EWD)) C L (EWo). (3.34)

ii) Letn,m € Ny, h* € ., with supph* C Vi, and f € S, (Wy), g’ € Fn(Wy).
Then the deformation map p given by R and an admissible matrix Q satisfies

supp(h™ ®, f) C R™ x (Wo)*", (3.35)
supp(h™ ®, g') € R™ x (Wj)*", (3.36)
supp(g’ ®, h*) C (Wp)*" x R™, (3.37)
supp(f ®, h*) C (Wo)*" x R™. (3.38)

Proof. i) The linearity and continuity of each X is clear. In momentum space, T8 mul-
tiplies by the tensor product function R®", R, (p) := R(x - p). Hence X is an algebra
homomorphism. It is also invertible, with inverse (1:)5)_l = tfx, because R(—a) =
R(a)~'. By definition, tf has the identity of . as a fixed point, and since R(—a) =
R(a), we also have rf (H* = tf (f*), f € . This shows that tf is an automorphism
of .. Note that although r(fe = id and (rf)_1 = rfx, the group law erryR = r)ﬁy
holds only if R is of exponential form.

To check the claims about the supports in wedges, let f € .7 (W), i.e., supp f, C
Wy for all n € N. The function R®" defines a tempered distribution, and therefore
has a Fourier transform R®" in ., such that TR (f,) = (27) "%/ R®" % f,. Explicitly,

y,2, p € R,
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(@ Pn(y) = @)™ / dz fu(y —2) / dp H (7P Rex - po)
k=1
= @) / dzfaly —2) / dp
x f[ (e—ipk~2k (Zn)_l/z/dkk el (X-[’k)I}()Lk))
k=1
= (2n>+”<"—”/2/dm “odhg R(Ay) -+ R(xn)/dzfn(y —2)

x [ 86k =20

k=1

= <2n>+"<d—”/2/dx1 coody RO) -+ ROu) fu (1 — MX, ooy Yo —AnX).

The wedge Wo has the two geometric properties A Wy C Wo forx > 0and Wo+Wo C Wy.
Since supp R C Ry, all 1 A appearing in this integral are positive, and since x € Wo, we
have A1x, ..., Ayx € Wo. Taking into account that the support of f, lies in WX” we
find supp (er)n C supp fu+ Wo C Wy +W, " ¢ Wy, and hence IRY(WO) C
% (Wp). The arguments leading to ¥ (L (=Wp)) C L(—Wp) are completely analo-
ous.

¢ if) The deformed product 2~ ®, f can be expressed with the shift automorphisms
tR(3.33)as, k e R", p e R,

(™ ®, /) U, py=h" @ ][] R - Qpr) - F(p)

I=1r=1

= /;_(k) (‘EEle Tt Tkam f)w (p).

As suppfz C V_ and Q is adm1551ble the vectors —Qkj, ..., —Qk, all lie in W,
and by part i), we have R Zok, _Qk f € S (Wy). Hence h™ ®, f has support in
R™d x Wy

In comparison, in (g’ ®, h*), the support of g’ lies in —W instead of Wy, and p is
replaced by p’. But the opposite deformation is given by the same deformation function
R, and matrix — Q instead of Q. Hence we can repeat the above argument with shifts
+Qki, ..., +Qkn € —Wj, preserving the support of g’ in —Wp, i.e. supp (g’ ®  h*) C
(W) x R,

The third and fourth function can be rewritten as

(&' ®y ") = (W) @y (&))", (f®ph") = ()" ®, )"

As the *-involution preserves supports in spacetime, but reflects supports in momentum
space about the origin, we have supp (7*)* € V_, supp (g')* C (—Wo), supp f* C W,
as in the first two functions h~ ®, f, h~ ®, g'. Taking also into account (.}, ®
n(EW))* = L (EWp) ® S, the claim about the supports of (¢’ ®, h*) and
(f ®, h*) follows. O
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As a preparation for the wedge-locality proof, we recall two facts about quasi-free
states satisfying the spectrum condition respectively states vanishing on the locality
ideal.

Lemma 3.8. Let w be a quasi-free translationally invariant state on . which satisfies
the spectrum condition, and consider some f € % and the vector V,(f) representing
f in the GNS representation space of (., w). If

wh™ Q@ f)=0 forall h~ € & with supph™ C V_,
then ¥, (f) = 0.

Proof. By the GNS construction, we have w(h~ ® f) = (Y, ((h7)*), Y, (f)), where
the momentum space support of (27)* is supp (h=)* C V*. We thus have to show that
the space Dy C H,, of all ¥,,(h™), where supp h* C V,,is dense. This is a consequence
of w being quasi-free and satisfying the spectrum condition. In fact, in this situation, w>
has the form (3.16) with a measure w on V,, and the GNS representation space H,, is the
Bose Fock space over the single particle space L>(V,, w(p)dp). For functions ht e S
whose support in momentum space does not intersect the backward lightcone, W, (1)
is a vector in the n-particle space L>(Vy, w(p)dp)®»m", given by symmetrization in all
variables of the Fourier transform ﬁ; The n-particle vectors obtained in this manner
form a dense subspace of the n-particle space. Since we can take arbitrary n, the density
of D, follows. O

Lemma3.9. Let F €¢ Syym, G € Ly, n,m,n’,m’ € Ny, such that supp F C
R™ x (Wo)*" and supp G C (Wé)xn/ X R4 Let T 0 L ponanism' — Fnin'+m’
denote the flip

(tH)(y,x,x',y):=H(y,x',x,y), yeR" xecR" x' ¢ R"4, y e R™4,
(3.39)

Then for each state w on . which annihilates the locality ideal, we have
o(F®G)=w(T(F®G)). (3.40)

Proof. In view of the support properties of F' and G, we can represent these functions
as F=>2,10gr0 G=3%,a"eb", withi" e .7, rD e 7,(Wy), a® €
T (W), b® e .,/ and these series converge in the topology of .. Because the
supports of the ") and a® are spacelike separated and w annihilates the locality ideal,
we have

T S T

N
3> 0t er8a @b) =3 > wi? 84 @r® gb)

t=1 s=1 t=1 s=1
T S
— 0@ 10 @0 @ a @ b)),
t=1 s=1

Making use of the continuity of 7 and w, the equality (3.40) follows from the above
calculation in the limit 7 — oo, § — oo0. O
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Theorem 3.10. Let R be a deformation function, and let Q be an admissible matrix.
Then the deformation p given by R and Q via (3.26) and (3.18) is wedge-local in any
quasi-free translationally invariant state w which satisfies the spectrum condition and
vanishes on the locality ideal.

Proof. Letn,n’ € Ny, and f € .7,(Wp), g € 7 (W;). We have to show that dL(f)

and ¢>£, (g’) commute on the Wightman domain ¢, (.#)2,, in the GNS space H,,. In
view of Lemma 2.4, this is equivalent to showing that for arbitrary h* € .7,,h~ €
', m,m’ € Ny, one of the following equivalent equations holds:

wh™ @ (f®, (8 ®y h")) =wh™ @' ®y (f ®)h"))),
S o((h”®, HVEQyh)) =w(h” ®y ) (f®,h"), (34]1)
= o(((h™®), Ry gHOh") =w(((h” ®y &) ®, f)®h"),
= o((h)* Q@ (€)' @y (fF®) (7)) =w((h")* @ (f* ®, (§)" ®,y (h7)"))).

Considering the first equation, we note that by Lemma 3.8, it is sufficient to consider 7~
with supp 2~ C V_. Considering the last equation, we can apply Lemma 3.8 again, and
see that we may restrict to 2* with supp (h*)* C V_, or, equivalently, supp i* C V.

So let k™ have the specified momentum space supports, and consider the equation
in question in the form (3.41). In view of the support properties of f, g/, we can apply
Proposition 3.7. Introducing the abbreviations F~ :=h~®, f, F* = f®,h*, G~ =
h™®y 8, G* =g ®, h*, we have

supp F~ C R™ x (W), supp G* C (W)*" x R",
supp G~ C R™ > (W)™, supp F* € (W)™ x R™.

Application of Lemma 3.9 now yields w(F~ ® G*) = w(t(F~ ® G*)) with the flip
T (3.39). Note that 7 also acts in momentum space by interchanging the two middle
variables.

To complete the proof, we now show that w(t(F~ ® G*)) = w(G~ ® F*) by
exploiting the compatibility of @ with p, o’ in the form expressed in (3.20). We can
thus multiply (G~ ® F*)™ with various factors of R(+p - Qq) without changing its
expectation value in w. Explicitly, k € R™, p e R", p’ € R, k' € R™,

’

(G~ FN (k, p/, p. k) =h~ (00 (P f(ph* ) [ ][] R~k - Qp))
I=1r=1

<[TTT R - oK),

I=1r=1

and we choose once k = m and two point function pz(p, g) = R(—p - Qg) in (3.20),
andonce k = m+n+n’and p2(p, q) = R(p- Qq). Multiplying (G~ ® F*)™ by these
products results in a function C, which takes the form
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Clke,p',p.k):=G @F) (k,p,p, k)
m n n

[T r&0p) - [] RKiOP) - ] R QK

1 | r=1 r=I1 r=1

1

< [T TRk k) - [ R(=pi k) - [ R(=pi10K))
=1 =1

r=1 | I=1

h=to f ()& (pHR* &) - T RKkopr) - [T R(~pi0K)

I=1r=1 I=1r=1
= ((h" ®, )@ (&' ®y h") (k. p.p'. k)
=(F- QG (k,p.p. k).

that is, C = t(F~ ® G™). By construction of C, we have w(C) = (G~ ® F™). Thus
we arrive at

o(FF @G =w@(F- ®G")) =w(C) =w(G~ ® F),
establishing (3.41). O

4. Fock Space Representations

As shown in the previous section, there exists a large class of multiplicative deformations
on . which are compatible with all quasi-free Wightman states, and therefore give rise
to wedge-local deformations of generalized free field theories. In this section, we will
for simplicity consider the explicit two point function

W (p.q) =8(p+q)e,' 8" —ep).  ep=/p2+m2  p=(p°. p)eR’

with some fixed mass m > 0, and discuss multiplicative deformations in the correspond-
ing GNS representation. We will use the notation from Sect. 2, but generally drop the
index w on ¢, (f), Yo (f), Dy, Hew, L, Uy, since we are working with a fixed state
here.

Recall that without deformation, the GNS representation (¢, H, Q) of (<, w)
describes the model theory of a free scalar field of mass m. The representation space H
is the Bose Fock space over the single particle space H := L*(R¢, d 1) with measure
du(p) = (9;1 s(p¥ — £p)dp, and the implementing vector €2 is the Fock vacuum.

As a consequence of the Poincaré invariance properties of w, there exists an (anti-)
unitary representation U of P, on H, which leaves €2 invariant, satisfies the spectrum
condition, and acts according to U (x, A)W(f) = W(ax af), f € L. Explicitly, we
have, ¥ € H,

(U, W) (piry ...y pp) = PHEHP g (A AT py), (@)
WO, DY) (p1, ..o ) = Yn(=jp1, ..., —jPn)- (4.2)
In the following, we will consider a fixed multiplicative deformation p € Ry, given

by a deformation function R and an admissible matrix Q. To keep track of both these
objects, we will denote the fields representing (-, ®,) as ¢r o (f) instead of ¢” (f).
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Proposition 4.1. Let R be a deformation function, Q an admissible matrix, and f, g €
<, VeD.

i) ¢r o(f) is a closable operator containing D in its domain for any f € ./, and
themap /> f v+ ¢r o(f)¥ € H is linear and continuous for any ¥ € D.
ii) For f,g € .7,

dr.0(NHV(Q) = V(f ®p(r.0) &) (4.3)
®r,0(IPrR,0(8) = dr,0(f ®p(r,0) 8- 4.4)
dr.0(f)* D Pr.0(f7), 4.5)
PR, 0L = ¢(f)S2. (4.6)
iii) Covariance: For (x, A) € PJI, we have
Ux, Nr.o(HU, A" =g por-1(@xaf), 4.7
and the reflection at the edge of Wy acts according to

U0, NPr,o(NUQ, j) = dr—o(a; f). (4.8)

iv) Wedge-Locality: Let f € /' (Wo +a), g € /(W +a) for some a € RY. Then
[Pr,0(f), dr,—0(8)]I¥ = 0. (4.9)

v) Reeh-Schlieder property: For any open set O C RY, the subspace
Dg,0(0) 1= ¢r,0(Z(0))02 (4.10)

is dense in 'H.
Vi) @R, is a weak solution of the Klein-Gordon equation: For f| € Cg° RY),

or.0((O+m?) f1) = 0. (4.11)

Proof. The statements in ii) follow directly from Proposition 2.3 because p is com-
patible with w, and ¢ o is a *-representation of (£, ®,). i) Clearly, each ¢g o(f)
is defined on the dense domain D, and in view of (4.5) closable. For g € ., the
map f — ¢ o(fIV(g) = \IJ(,o_l(,o(f) ® p(g))) is linear and continuous because
p,p 'S - FLand ¥ : ¥ — H are linear and continuous.

The covariance statements in iii) follow from U (x, A)W (f) = W(ox A f), U0, j)¥
(f) = W(a; f)and (3.27). iv) In view of the translation covariance iii), it is sufficient to
show (4.9) for a = 0. But this is just a reformulation of Theorem 3.10. The Reeh-Schlie-
der property v) is known to hold for the undeformed fields, corresponding to Q = O.
But in view of (4.6), Dg ¢(O) D Dy(0), and the density of Dg o (O) follows.

The undeformed field ¢ is known to be a weak solution of the Klein-Gordon equation.
Using (4.6) again, we therefore have ¢g o (O +m?) f{)Q = ¢(O +m?) f{)2 = 0.
Now, since f; has compact support, we find a € R? such that W{ + a lies spacelike to
supp f1 = supp f;*. For g € .7 (W, + a), we have in view of (4.6) and iv),

dr,0(O+m?) f1)*dr-0(9)R = dr.—0()Pr,0 (O +m?) f{)2 = 0.
Thus, for any ¥ € dom ¢g, o (O + m?) f1) and any W’ € Dgr,—o(Wy +a),

(W', pr o (O +m?) fW) = (g, o (O +m?) f1)* ¥, W) = 0.
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AsDg o (W(’)+a) isadense subspace of H by v), it follows that ¢ g Q((D+m2)f1 W =20

for any W € dom ¢ o ((LJ + m?) f1), and this operator extends to the zero operator on
allof H. O

As explained in Sect. 2, we have now constructed a wedge-local quantum field theory,
given by the *-algebra &g generated by all ¢ o(f), f € L (Wp), and

Pr(AWy +x) := U(x, A PrU(x, )", (x, A) € Ps. (4.12)

In view of the transformation property (4.7), the algebra &g (AW + x) is generated
by the field operators DR +AQA! (), f € L(AWy + x), where the sign "+" refers to
orthochronous / anti-orthochronous Lorentz transformations. In particular, & R(W(/)) is
generated by all ¢ _o(f), f € L (W). Thus the orbit Q := {AQA™Y : A e L)
provides a coordinatization for the different directions of the wedges [GL07,BLS10],
whereas the deformation function R labels the kind of deformation used.

Before we proceed to studying the observable consequences of the deformation, we
point out that with Q, also the rescaled matrices A - Q, A > 0, are admissible. We
have thus constructed one-parameter families &g ; of wedge algebras, representing the
deformation maps p(R, A - Q). Taking the limit A — 0 reproduces the undeformed field
operators.

Proposition 4.2. Let R be a deformation function and Q an admissible matrix. Then,
forany f € &,V e D,

lim ¢r-0(HHY =¢(/)Y. (4.13)

Proof. Since any W € D is of the form ¥ = W(g), g € .7, we have ¢p .oV =
V(f ®p(r,x-0) &) The claim now follows from the continuity of ¥ : ./ — H and
Proposition 3.6. O

We now want to compute the deformed field operators ¢ g o (f) more explicitly in
terms of twisted creation and annihilation operators. To this end, we have to introduce
some more notation. For f; € .77, we denote by fli(p) = f](:I:p), p € H/, the
restriction of the Fourier transform of f; to the upper and lower mass shell H:X. With
this notation, W ( fi) = f1+ € Hi, and the undeformed field operator has the familiar
form

G(f1) =a' (W) +aW(f)) =a'(fH+a(f),  fieA. (414)

Here a, a' form the standard representation of the canonical commutation relations on
‘H.For ¥ € D, ¢, ¥ € Hy,

@@ (pis ... pn) == «/n+1/du<q>an+1(q,p1,...,pn>, (4.15)

a'(p) = alp)", (4.16)
la@).a@)] = 0. [d'@).a' @] =0,

[ato).a'n | w = 0.0)- v *.17)
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We will also work with the distributional kernels a”(p) of these operators, related to

a*(@) by a’(p) = [du(p) p(p)a’(p) and a(p) = [du(p) ¢(p)a(p), with the com-
mutation relations,

la(p),a(@]=0, [ad'(p),a’@1=0, [a(p),a"(@l=¢epd(p—q)-1.
(4.18)

To define deformed versions of these creation/annihilation operators, we introduce
the operator-valued function

Tk : RY = B(H), (4.19)
(TR (p1, - pa) == [ [ R& - pi) Wa(p1, ..., pa). (4.20)
k=1

It is not difficult to see that quasi-free translationally invariant states are invariant under
the shift automorphisms rf (3.33), and the operators Tg(x) defined above implement
these automorphisms on the GNS space. We will however not need these facts here, and
only point out that because of the properties (3.22) of R, the operator Tr(x) is unitary
for any x € R?, and

Tr(x)* = Tr(—x) = Tr(x)"',  Tr(0) =1. 4.21)

The operators Tg(x) are now used to twist the canonical commutation relations. We
define the operator-valued distributions

ar.o(p) == a(p)Tr(Qp), d;,Q(p) =a'(p) Tr(—QOp). (4.22)

Making use of the antisymmetry of Q and R(0) = 1, it is straightforward to check that
a(p) and Tr(Qp) commute, and thus a;,Q(p) = agr,o(p)*. Explicitly, the deformed
annihilation operator acts a, ¢ € Hy, ¥ € D,

@R, @) W)u(p1, ..., pa) =+ I/du(q)w(_q) [1r@q-po

k=1
X\Iln+l(qv plv"'vpn)v (423)

and a;’Q(w) = ag,o(p)*. It is instructive to compute the exchange relations of the

kernels (4.22) for different matrices Q, Q’. By straightforward calculation, one gets
a(p)Tr(x) = R(x - p) - Tr(x)a(p), and hence

ar,o(p)ag,o'(P) = R(p- QpR(p - Q'p") ar,o'(Par,o(p),
ap o(Pag o(P) = R(p- QpYR(p - Q'p)ay o (p)ag o(p), )
ar,.o(P)ag o (p) = R(=p- Qp)R(=p- Q'p)ag o (Plaro(p)
+epd(p — PTR(OP)TR(=Q'p).
This exchange algebra generalizes the relations of the Moyal-twisted CCR from [GL07].

Putting Q" = Q, these commutation relations are reminiscent of the Zamolodchikov-
Faddeev algebra [Z779,Fad84], an observation that will be discussed in Sect. 6. We also
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note that for Q" = —Q, one can use R(—a) = R@)to simplify the above commuta-
tors to

lar,0(p), ar,—o(p)1 =0,
[ o(P): ap_o(P)]1=0,
lar.o(p). a _o(p)] =¢p8(p — P TR(QP)*.

As —Q corresponds to the reflected wedge Wy, these exchange relations and the analytic
properties of R can also be used for a proof of the wedge-locality in Proposition 4.1 iv)
along the same lines as in [Lec03].

Proposition 4.3. The deformed field operators ¢r o (f1), f1 € A1, have the form

$r.0(f1) = ag o(fiD) +ar.o(f). (4.25)

Proof. Let fi € % with suppfl C V_,and g € S4+1(V4), n € Ny. Then
V(g) € Hur1, (1 ®p &) € Hy, and for py, ..., p, € Hy, we find, du(p) =
du(pr) -+ - du(pn+2),

D0 R(SDOY() =Y (f1 ®r,0 &)
=/du(p) (f1 ®r,08) (=P1.P2s -+, Pns2)

x a(pna’(p2) ---a' (prs2)

n+2

= /du(p) A=pD&E(pa. .. pws) [ [ R(=p1 - Qpralpr)

r=2
xa'(p2)---a’ (pus2)Q

= / di(p) fiepE(pas -, pus2)a(p)TR(QpDAT (p2) - - a’ (pna2) R

=ag.o(f7)V(g).

As g and n were arbitrary, we have shown that ¢g ¢ (f1) and a R,Q(F) coincide on
D. Since supp f1 does not intersect the upper mass shell, f;" = 0, and hence the above
equation confirms (4.25). Taking adjoints, one also finds, ¥ € D,

PRSIV = dr,o(f)"V = ar,o((f{)7)*V = a;’Q((f]*)-'—)\I}-

As supp fl* = —supp f1 C Vi, this implies or,0(SDVY = a};‘Q(fl*')\I/ forall W € D
and all f] € . with supp f C V,i. A function f| € .#] with arbitrary momentum
space support can be decomposed according to f; = g; + h; with the support of g;

(respectively /1) not intersecting the upper (respectively lower) mass shell. By linearity,
this gives (4.25). O

It is interesting to note that the deformed field operators can also be expressed as inte-
grals over undeformed fields, similar to the warped convolutions studied in [BLS10].
More precisely, one has, f; € .7,

¢r.0(fD) = (2ﬂ)7d/dp dxe” P U (x, Do (f)U(—x, DTR(=Qp).  (4.26)
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This integral exists as a weak oscillatory integral on vectors ¥ € D. In fact, for supp f1 C
V_and ¥ € H, we obtain, n € Ny, q1,...,qn € H

m>

(2ﬂ)_d/dpdx e~ P (U (x, DU (—x, DTR(=OP)¥)a(q1, - - -, Gn)

=n+ 1(2n)_d/dpdx e_i”"‘/du(qo)ﬁ(—qo)e"'%'x
X (TR(=Op)W¥)n+1(q0, g1, - - -, Gn)
= Vn+l/du(qo)ﬂ(—qo)(TR(qu)‘I’)nH(qo,ql,---,qn)

=vn+ l/du(qo) fi(=q0) [ R(Qq0 - 4)¥us1(q0. 41, - . qn)

r=1
= (@r.0(US))n(q1, - -+ qn),

and an analogous calculation can be carried out for the creation operator, establish-
ing (4.26). However, the integral formula (4.26) reproduces the higher deformed fields
or,0(fn), n = 2, only if R is of the exponential form R(a) = @ 1In this case,
Tr(x) = U(x, 1), and (4.26) coincides with the warped convolution of ¢ (f) by the
translation representation U|rs [BLS10]. But for generic R, the integrals (4.26) are
non-local operators,2 and the deformation map ¢(f,) — ¢r o(f,) takes a different
form. The extension of this map to bounded operators and its integral representations
will be discussed in a forthcoming publication with J. Schlemmer.

‘We now show that the deformation ¢ (f) — ¢r, o (f) produces in fact new models,
which are not equivalent to their undeformed counterparts. To this end, we will compute
the two-particle scattering of the deformed models defined by the fields ¢, o, following
the Haag-Ruelle-Hepp approach [Ara99,Hep65] in its form adapted to wedge-localized
operators [BBSO1]. Picking f1, g1 € -7, the fields ¢r o (f1), ¢r,—0(g1) are localized
in the wedges W + supp f1 and W + supp g1, respectively, and create single particle
states from the vacuum:?

Pr+0(fUQR=d(fOQ = fi € Hi. 4.27)

To define two-particle scattering states, we choose f1, g1 in such a way that supp fl,
supp g1 are concentrated around points on the upper mass shell, and do not intersect the
lower mass shell. Furthermore, we introduce the usual notations
I'(f1) == {1, p/ep) : p € supp fi} for the velocity support of f, and fi,(x) :=
(2m)~4/2 fdp f(p)ei(p()_sp)’e_ip'x, with p = (p°, p) and ep = (p? +m*)V/2, for its
Klein-Gordon time evolution. It is well known that for asymptotic times #, the support
of fi is essentially contained in ¢I"(f;) [Hep65], that is, the restriction of f]; to the
complement of an open neighborhood of ¢I"(f1) converges to zero in the topology of
A as |t] — oo.

Because of the compact supports of f1, g1 in momentum space, the fields ¢g o (f1)
and ¢ _(g1) are not sharply localized in Minkowski space. However, for asymptotic
times we have localization of ¢ o (f1,;) and pr _o(g1) in Wo+tI"(f1) and W6+tF(g1),
respectively. If the velocity supports of fi, g lie in a suitable relative position to the

27 acknowledge helpful discussions with Sergio Yuhjtman about this question.
3 In fact, these fields are temperate polarization-free generators in the sense of [BBSO01].



Deformations of Quantum Field Theories and Integrable Models

wedge Wy, namely I'(f1) — I'(g1) C Wp, these regions are spacelike for r > 0. As
t — oo, we therefore find two-particle outgoing scattering states as the limits [BBSO1]

tl_l)lgo Or,—0(81,0)9PR,0(f1,)R2 = IE)II;O¢R,Q(f1,t)¢R—Q(g1,t)Q = fi <& 8t
(4.28)

To construct scattering states of incoming particles, the ordering of fi, g has to be
reversed: For ¢ < 0, the localization regions Wy +¢I"(g1) and Wé +1tI'(f1) lie spacelike
if '(f1) — '(g1) € Wp, and we have

im g _o(f1.09R. 08102 = lim_¢r.o(81.0¢r—0(f.0R = f{ xjj &.
(4.29)

All these limits are easy to compute in the present setting. Since the supports of f1, g1 do
not intersect the lower mass shell, the annihilation parts of the fields drop out, and because
the 7-dependence of fi ; is trivial on the upper mass shell, one finds, I'(f1)—T"(g1) C Wo,

Fi xbu &1 = lim ¢r.0(f1.00r—0(81.02 = af o (fDa’ (6D,
fit xdi gt = 1im_gr—0(fi)dr.0(81.0R2 = ap _o(fa’(sDQ.
These two-particle vectors have the explicit form
%m0 1. p2) = (kLo (FDgT) | (P p2)

1
_ —(R(ipl - 0p2) fi (p1&T (p2)

V2
+RGEp2 - Op) £ (p2)gl (D).
To compute S-matrix elements, let fi, g1, h1, k1 € % with T'(f1) — I'(g1) C

Wo, T'(hy) — I'(k;) C Wy. Taking into account these momentum space supports yields
the scalar products

(ff <& gl b xf k) = /du(m)du(pz)R(—pl - 0p2)?

x fi(p1)&1(p)h1(p1)ki(p2). (4.30)

This formula shows that the S-Matrix elements of the discussed model depends on the
deformation. In particular, the scattering in the undeformed theory, corresponding to
R(a) = 1, and the deformed one is different, and the deformed theory is not equivalent
to the undeformed one (see Proposition 5.4).

Equation (4.30) also clarifies the role of the function R on which our deformation is
based: The elastic two-particle S-Matrix kernels of the undeformed and deformed theory
differ by its square R(—pj - Op2)>. Since R is a phase factor, the effects in collision
processes are relatively small, and can only be measured in special setups such as time
delay experiments. These features are similar to the properties of the S-matrices found
in the warped convolution deformation [GL0OS,BS08].

In view of the dependence of the S-matrix on Q, which is only invariant under the
boosts preserving Wy, but not the full Lorentz group in d > 1 + 1 dimensions, we also
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observe that the two-particle S-matrix obtained here is not fully Lorentz invariant in
d > 1+ 1. As a consequence, it follows that the model theory constructed here can
not contain many observables localized in bounded spacetime regions O. When pass-
ing to von Neumann algebras of observables localized in O, one finds that at least the
Reeh-Schlieder property is violated (see Proposition 5.4).

In d = 1 + 1 dimensions, however, the identity component of the Lorentz group
consists just of the one-dimensional boost group, and hence the above S-matrix is fully
Lorentz invariant in this case. We will discuss the two-dimensional situation in Sect. 6.

5. Nets of von Neumann Algebras and Modular Structure

In this section we explain how to pass from the unbounded field operators ¢ o (f), f €
&, to associated von Neumann algebras, and study their modular structure. The first
step is to control commutators of bounded functions of fields.
Proposition 5.1. Let R be a deformation function, and Q an admissible matrix.
i) Let fi = f|" € 1. Then ¢pg o(f) is essentially self-adjoint.
ii) Let fi = f' € A1(Wo) and g1 = gf € S1(Wy). Then the self-adjoint closures
or,.0(f1) and pr._o(g1) commute, i.e.,

I:ei[¢R,Q(fl)’ eiﬂbR,—Q(gl)] =0, t.s € R. (5.1)

Proof. i) We will first show that any W € D is an entire analytic vector for the field
operators ¢r o(f1), f1 € 1. For ¢ € Hi, the annihilation operator ag o (¢) can
be estimated with the help of (4.23) and |R(r)] = 1 as

[(ar,0(@)¥)(p1. ... pui)|

<n

/du(q) o@) [ R(Qq - pr) ¥u(g. p1..... pu—1)
k=1

< ﬁ/du(q) 0@ [%a (@ p1 - Pa1)l.

By standard L2-estimates, this implies [lag o (@)%, || < +/7ll@ll, and taking ad-
joints, also ||a};,Q((p)|H" I < +/n+ 1|lg| follows. Thus we have the basic bound

r. 0 (fOIr, Il < Vr+ VAL ry + I ) (5.2)

With this bound one can easily show that any W € D is an entire analytic vector
for ¢r, o (f1) (see, for example, the proof of Theorem X.41 in [RS75]). AsD C 'H
is dense, application of Nelson’s analytic vector theorem [RS75, Thm. X.39] shows
that ¢r o (f1), fi = f1, is essentially self-adjoint. Its self-adjoint closure will be

denoted ¢ o (f1).

ii) Using the bound (5.2) again, one also shows that e5PR—0 (8, g1=81€A,5¢€
R, ¥ € D, is an entire analytic vector for ¢ o (f1), as in free field theory. Hence
on ¥ € D, the commutator (5.1) can be computed as the power series

) ] 0 in+n/tnsn’
I:elt(PR.Q(fl)’ elS(PR.fQ(gI):I v — Z coorr

nln’!
n,n’'=0

[or.0(/)". dr—0(e1)" | W.
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As ¢r,o(f1) and ¢pr _o(g1) commute on ¢ ()2 (Proposition 4.1 iv), the proof is
finished. O

We now introduce the von Neumann algebras generated by the self-adjoint field
operators,

S 1
Mgg i={ee : fi = fre AW}
-~ Y VA
Mg, = {eld’R-*Q(g') tg1=g € Yl(Wé)} .

In view of Proposition 5.1 ii), these algebras commute, M R0 C Mg, o'. By standard
arguments making use of the Reeh-Schlieder property established in Proposition 4.1 v),
it also follows that the vacuum vector is cyclic for Mg o and M R,0- As these algebras
commute, €2 is separating as well. Thus Tomita Takesaki modular theory applies to the
pair (Mg, g, 2), and provides us with modular unitaries A” R.0 and a modular involution
JR, 0. In the following theorem, we show that these data are stable under the deforma-
tion, i.e. do not depend on R and Q within the specified limitations. For the special case
R(a) = €', this fact was already shown in [BLS10].

Theorem 5.2. Let R be a deformation function and Q an admissible matrix.

i) The modular data Jg, g, AR,o of Mg, o, 2 are independent of R and Q.
ii) The Bisognano-Wichmann property holds,

A% 5 =U,A1Q271)),  Jro=U(, ), (5.3)

with A1 (1) : (x0, x4 (cosh(t)x +sinh(?)x!, sinh(r)x° + cosh(#)x1, x2,
x4 denotmg the boosts in x'-direction.

iii) MRQ MR,Q

Proof. We first show that given f € (W), the closed operator F := ¢r o(f) is
affiliated with Mg o. To this end, let ¥ € dom F, Wy € D, and consider a real test
function g| € .#1(W;)). As F* changes the particle number only by a finite amount, both
Wy and F* Wy are entire analytic vectors for G’ := ¢ _o (g{ ). Taking also into account
that F* and (G”)? commute on D for any p € Ny (Proposition 4.1 iv)), we find

.y .t 14
(W, ¢'F FW) = (¢~ Wy, FW) Z( DY p+ Gy wy, W)

o (D7
=D —— (G F* ¥y, W)
p=0 p
= (e F*Wy, W) = (W, Fe'9 ).

As D C 'H is dense, this implies A FU = FelG'w, Clearly, this identity then also
holds when ¢/C is " is replaced by any operator in the *-algebra A generated (algebrai-
cally) by the ¢!#r—0(sD) . 8) € S1(Wp) real. Butany A" € M} , is a weak limit of a

sequence A/, in A, and A/ FW = FA),V is stable under weak hmlts Thus we arrive at
A'FY = FA'V for all \IJ € dom F, i.e., F is affiliated with Mg ¢.
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Proceeding to the polar decomposition F' = V| F| and the spectral projections E,, of
| F'| onto spectrum in the interval [0, n], we have V, E,|F| € Mg ¢ foralln € N. Now
let Sg, o denote the Tomita operator of (Mg o, Q). As Sg oV E,|F|Q = |F|E,V*Q,
the strong convergence E, — 1 as n — oo and the closedness of Sg ¢ imply that FQ2
lies in the domain of Sg o, and Sg o FFQ2 = F*Q.

As all these considerations apply in particular to the special case R = 1, we have
now gathered sufficient information for establishing i). Let S denote the Tomita operator
of the undeformed algebra M := M o w.r.t. Q, and let f € . (W) as above. Making
use of (4.6), we find

Sr,00(f) = Sg,00r,0()L=dr0(/)*2=¢r0o(fHUL=d(fH2=¢(f)*Q
= S¢o(f)S2,

i.e., Sg,o and S coincide on the subspace ¢ (. (Wy))S2. But this domain is a core for
S = JA'/2 because it is dense and the modular group A’ acts as the Lorentz boosts
A1 (2mt) which leave Wy invariant [BW75]. As § and Sg ¢ are closed operators, this
shows that Sg ¢ is an extension of S, i.e., Sg 0 D S.

We now consider the commutants M/R, 0 M. By modular theory, their Tomita oper-
ators w.r.t. €2 are the adjoints S 0’ S*. In complete analogy to above, one can show

that for f” € .7 (W), the operator ¢pr o (f’) is affiliated with ./\/l/R’Q, and
SZ,Q¢(f/)Q = S;,Q¢R,7Q(f/)9 =¢r-o(f)"QR=0(f)*Q=S¢(f)Q.

Since ¢ (W) is a core for S*, this shows S;Q D S*, or, equivalently, Sg g = S;‘{’:Q -
S§** = §. Together with the previously established extension Sz o D S, this yields
Sr,0 = S. The identities Ag 9 = A and Jg o = J then follow from the uniqueness of
the polar decomposition Sg g = J R,QA;/’ ZQ

As the Bisognano-Wichmann property (5.3) is known to hold for the free field the-
ory [BW75], ii) follows immediately from i). The transformation law (4.8) of the field
implies U (0, j)Mg oU(0, j) = Mg, o by extension from analytic vectors. By Tomi-
ta’s theorem, this yields

Mr.o = U, H)Mg,oU, j) = Jr,oMr.0Jr.0 = Mr.o'.
which proves iii). O

Von Neumann algebras with modular data identical to the geometric ones found in
free field theory have been studied as a possible tool in the construction of quantum field
theories before [Wol92,LMWO0O0]. It is therefore interesting to note that the deformation
construction presented here establishes a new infinite family of solutions to this inverse
problem in modular theory.

For a formulation of our models in the framework of algebraic quantum field theory,
we now consider the von Neumann algebras

AR(W) := U(x, A)Mg U (x, A)7", (5.4)

where W is a wedge and (x, A) € P, is any Poincaré transformation satisfying A Wy +
x = W. (We have suppressed the dependence of the left hand side on Q here because O
is transformed by A.) The transformation behaviour of the field ¢ o (f) implies that
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(5.4) is well-defined, i.e. independent of the choice of (x, A). Furthermore, we have,
W, WeW,

Ar(W) C Ag(W) forW C W,
Ar(W) = Ag(W'Y,
Ux, VARW)U (x, A)~' = Ar(AW +x),

where in the last line, (x, A) € P is arbitrary. In view of the unitarity of U, it is also
clear that Q is cyclic and separating for each Ag (W), W € W. We summarize these
findings in the following proposition.

Proposition 5.3. Let R be a deformation function and Q an admissible matrix. The
map Agp - W > W — Ar(W) C B(H) (5.4) is an isotonous, Haag-dual net of von
Neumann algebras which transforms covariantly under the adjoint action of U, and the
vacuum vector 2 is cyclic and separating for each Ag(W), W € W.

To conclude this section, we point out two further properties of the nets Ag. On the
one hand, these nets are true deformations of the free net Ay, i.e., not unitarily equivalent
to Aj for R # 1. On the other hand, as is well known, it is possible to extend Ag to
arbitrary regions in Minkowski space by taking intersections of the algebras Ag(W).
For a double cone O C RY, one puts

Ar(0) := ] Ar(W), (5.5)

W>0
Wew

and the algebras Ag(G) for general subsets G C R? can be defined by additivity.
This yields an assignment O +— Ag(O) of subsets of R? to von Neumann algebras
which also has the properties of isotony, locality, and covariance. However, in the case
at hand the algebras associated with regions smaller than wedges do no longer have the
Reeh-Schlieder property if R % 1 andd > 1+ 1.

Both these properties, the inequivalence to the free net and the local violation of
the Reeh-Schlieder property, can be derived from the scattering properties computed in
Sect. 4 by making use of the methods in [BBS01,Mun10]. However, we will give an
alternative proof here which emphasizes the structure of the deformation rather than the
S-matrix (cf. [BLS10,DLM11,Morl1]).

Proposition 5.4. Let d > 1+ 1, R # 1 a deformation function, and Q an admissible
matrix.

i) Let C = x + |, (A0 be a spacelike cone for some x € R4 and a double cone O
whose closure is spacelike separated from the origin. Then the subspace Agr (C)Q2 C
'H is not dense.

ii) There exists no unitary V. € B(H) such that VMg oV* = Mo and

[V,U(x, A)] = 0 forall (x, A) € PJ.

Proof. i) As the Poincaré transformations U (x, A) are unitary and leave 2 invari-
ant, it is sufficient to consider a cone C which lies spacelike to the standard
wedge, Wy C C’. Moreover, because of the geometric shape of C, we find a dou-

ble cone Oy C Wy, and a Lorentz transformation A € ﬁi, such that AWy # Wy
and A='Wy C C', AOy C Wy. For any real testfunction fi = f; € .#1(0y),
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the selfadjoint field operators ¢ o(f1) and ¢g o(ap f1) are then affiliated with
Ar(Wp) C Ag(C)’, and U(A)_lqu,Q(ozAf])U(A) = ¢r.a-104 (S1) is affiliated
with Ag(A~'Wy) C Ag(C)’. Taking into account these affiliation properties and
(4.6), we find for any A € Ag(C), g1 € .71,

(AQ, dr.0(fP(81)R) = (Pr.0 (/DAL ¢(81)K)

=
= (Adr,o(f1)S2, (1))

= (A9 (f1)S2, ¢ (g1)$2)

= (A(bR,A—'QA(fl)Q, #(g1)L2)
= (Pr.a-104 (DAL, (1))
= (AQ, ¢g a-104 (1P (D).

Now if Ag(C)2 C 'H would be dense we could conclude ¢ o(f1)d(g1)RQ =
Dr.A-! QA(f1)¢(g1)Q from this calculation. But since AWy # Wy, we have
AL OA # Q, and a straightforward calculation shows that the vectors ¢g o(f1)
#(g1)Qand g p-194 (/1) (g1)S2 are different for general fi, g1. Hence Ag (C)Q C
‘H is not dense.

if) Assume a unitary V with the specified properties exists. Then, by the definition of the
wedge algebras (5.4), VAR(W)V* = A|(W), W € W, and also VAR(O)V* =
A1 (0) for all double cones O in view of (5.5). Furthermore, as V commutes with
all translations and €2 is the unique translationally invariant vector in H (up to multi-
ples), we have VQ = €' Q for some @ € R. Since V is unitary, and A4 (0)Q2 C 'H
is dense for any double cone O by the Reeh-Schlieder property of the free field, we
thus find that Ag(0)Q = V*A;(0)VQ = V*A1(0)Q2 C H is dense as well. But
this contradicts i). O

Part i) of this proposition does not hold in d = 1+ 1 dimensions (also not if spacelike
cones are replaced by double cones), as we will see in the next section. Part ii) is still
valid alsoind = 1+1, because the S-matrix provides an invariant to distinguish between
inequivalent nets.

6. Integrable Models as Deformations of Free Field Theories

Up to this point, the dimension d > 1 + 1 of spacetime did not play any role in our
constructions. Now we will consider the special case d = 1 + 1 of a two-dimensional
Minkowski space. The matrix Q appearing in the deformation two point function then
has the form (3.28),

Q:k(? é) L eR. (6.1

In two dimensions, it is convenient to parametrize the upper mass shell of mass m > 0
by the rapidity 6 € R according to p(6) := m(cosh 8, sinh6). Inserting this parametri-
zation into the deformation two point function (3.26) yields

p2(p(61), p(62)) = R(—p(61) - Qp(62)) = R(Am*sinh(6) — 62)), 61,6, € R,
(6.2)
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and we denote the square of this function by
S, :R—C,  S,(0) := R(xm?sinh6)2. (6.3)

As mentioned earlier, R is analytic on the upper half plane because of the half-sided
support of its Fourier transform. As the hyperbolic sine is an entire function mapping
the strip S(0, 7) :={¢ € C : 0 < Im¢ < =} onto the upper half plane, this implies
that S, A > 0, extends to an analytic function on S(0, ), with distributional boundary
values at R and R + i7r. From the properties (3.22) of R and sinh, it is obvious that

5.0) = S.0)"" = S5.(=0) = S, (0 +in), A, 0€R. (6.4)

These relations are well known from the analysis of completely integrable quantum field
theories with factorizing S-matrices on two-dimensional Minkowski space [AAR91],
where they express the unitarity, hermitian analyticity, and crossing symmetry [BFKO06]
of a two-particle S-matrix of such a model. Here these properties show up as a conse-
quence of our deformation construction.

Notonly the typical relations of a factorizing S-matrix appear here, but also the charac-
teristic algebraic structure known as the Zamolodchikov-Faddeev algebra [ZZ79,Fad84]:
For the rapidity space creation/annihilation operators z; (8) := ag,o(p(9)), z; @) =

ak Q( p(0)), the relations (4.24) (with both Q and Q’ replaced by (6.1)) read

21 (01)25.(62) = S (01 — 62) 2,(02)z2. (61),
2 (0121 (62) = S,.(01 — 62) 7, (62)7, (61),
2.(01)2] (62) = S,.(62 — 61)z. (62)22,(61) + 8(61 — 62) - 1.

This is precisely the Zamolodchikov-Faddeev algebra. In the context of factorizing
S-matrices, it is mostly used as an auxiliary structure to organize n-particle scattering
states (see, for example, [CAO1]). However, it is also possible to take it as a starting
point for the construction of model theories.

This latter point of view has been taken by Schroer, who suggested to use the fields
¢ (x) == [do (eip(g)'xzi 0) + e~ 'P@x7,(9)) as wedge-local polarization-free gener-
ators for constructing quantum field theories [Sch97]. Although this construction was
originally formulated independently of deformation ideas, the same fields also appear
in the present setting, and coincide with the deformed fields ¢g ¢ from the previous
section. In the two-dimensional context, their properties as listed in Proposition 4.1
were known already in case the scattering function S satisfies (6.4) and is analytic and
bounded on the strip S(0, ) [Lec03].

Full-fledged quantum field theories based on these deformed fields have been con-
structed in the framework of algebraic quantum field theory [Haa96]: After passing from
the wedge-local fields to corresponding nets of von Neumann algebras, operator-alge-
braic techniques become available for the analysis of the local observable content of
these models [BLO4]. We recall from [Lec06,Lec08] that if S is regular in the sense that
it has a bounded analytic extension to the strip {{ € C : —¢ < Im ¢ < 7 + ¢} for some
& > 0, then the quantum field theory generated by ¢, contains observables localized
in double cones, at least for the radius of the double cone above some minimal size. In
fact, there exist so many such local observables that they generate dense subspaces from
the vacuum, as it is typical in quantum field theory (Reeh-Schlieder property). Also all
other standard properties of quantum field theory are satisfied by these models, and the
factorizing S-matrix with scattering function S can be recovered from their n-particle
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collision states [LecO8]. We note this relation between multiplicative deformations and
integrable models as the following theorem.

Theorem 6.1. On two-dimensional Minkowski space, every integrable quantum field
theory with scattering function S of the form (6.3) arises from a free field theory by a
(multiplicative) deformation. If S is regular, then the deformed theory is local in the
sense that the vacuum is cyclic for all observable algebras associated with double cones
above a minimal size [Lec08, Thm. 5.6].

Although the structure of integrable quantum field theories is quite simple, the impor-
tant message for the deformation technique presented here is that this method is capable
of deforming covariant local free quantum field theories to covariant local interacting
quantum field theories. For the deformed models to contain sufficiently many local
observables, we only have to select the deformation function R in such a way that S
(6.3) is regular. For example, this is the case for the finite Blaschke products

N
Ik —a
R@ =[] : (6.5)
Zk +a
k=1
where the zeros z1, .. ., zy lie in the upper half plane and occur in pairs zx, —zx (3.24).

7. Conclusions

In this paper we have established a family of deformations of quantum field theories,
leading to new models with non-trivial interaction in any number of space-time dimen-
sions d. This result supports the general deformation approach, and shows that it is
possible to use deformation methods for obtaining interacting local field theories from
models without interaction. As interacting quantum field theories in physical spacetime
must necessarily involve particle production processes [Aks65], and particle production
was ruled out here because of the relatively simple form of the multiplicative deforma-
tions, the obtained models are not yet physically realistic. In two space-time dimensions,
they have the structure of integrable models, and there are indications that the family of
integrable models which can be realized in this manner is actually much larger than the
one discussed here*. For models on higher-dimensional Minkowski space, however, one
needs to allow for particle production processes already on the level of the deformation
maps, and replace the multiplicative deformations by more general integral operators
(3.4). Apart from these modifications, it seems to be possible to use the same approach
as presented here to realize also interactions with momentum transfer and particle pro-
duction by deformation methods.

From a structural point of view, it is desirable to uncouple the deformations from the
specific form of the Borchers-Uhlmann tensor algebra. This has been achieved in the
case of the warped convolutions [BS08], which are formulated in such a way that they
are applicable to any vacuum quantum field theory [BLS10]. Such an operator-algebraic
reformulation of the deformations studied here is currently under investigation.

Regarding the operator-algebraic structure, we have shown that the modular data of
the von Neumann algebras associated with wedge-local deformed quantum fields rep-
resented in compatible states are identical to those in the undeformed theory. This is
essentially a consequence of the compatibility of the deformations with the *-involu-
tion and unit element of ., and can therefore be expected to be a generic feature of

4. Alazzawi, C. Schiitzenhofer, Work in progress.
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deformations of quantum field theories. This feature connects our deformation approach
to another approach to the construction of quantum field theories, based on the inverse
problem in modular theory [LMWOO]. Furthermore, also the root of the S-matrix plays a
role in both, our present setting, where it appears in the deformation two-point function,
and in the context of inverse problems in modular theory, where it is used to identify mod-
ular conjugations [Wol92]. These interesting connections require further investigation,
which will be presented elsewhere.
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